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Can the support shared by two matter-wave interferometers entangle their path-recording spins,
even when its final motion records neither path? It can. For prescribed forces coupled to a linear
Gaussian apparatus, we bound the resulting spin channel by two force-weighted cross responses.
Classical force replay measures the bound; local pulse changes can null both responses. For passive
mounts, finite-time bounds on static compliances cover every mechanical mode, and a spectral gap
gives a controlled elastic approximation. When gravity acts mainly during a hold, the permissible
pulse-weighted compliance scales as the cube of the ramp time. A specified clamped horizontal link
produces a phase comparable to a millisecond-ramp gravitational reference, but negligible for long
ramps. These results provide a calibration criterion for excluding a mechanical entangling channel,
rather than a contamination estimate for an uncharacterized instrument.

I. INTRODUCTION

The apparatus that splits a matter wave receives a re-
action force. If two interferometers use the same support,
can that support generate the entanglement intended to
witness gravity? It can, even when its final motion con-
tains no record of either path. The relevant experimental
question is therefore how much of this additional channel
survives the actual force sequence. This paper answers
it through a force-to-displacement cross response, rather
than an assigned recoil mass or an assumed fringe visibil-
ity. The internal two-state systems that record the paths
will be called the records.

For a linear Gaussian apparatus, two pulse-weighted
cross responses bound the entire mechanical record chan-
nel. They can be measured by replaying amplified classical
forces at the same work-conjugate ports. Nulling both
responses removes the entangling part by changing local
controls. We also derive a conservative passive-mount
certificate from static compliances, including all modes.
These three results turn the mechanical background into
an acceptance test with explicit constants.

Rapid splitting makes the test more demanding. For a
stiff response and a fixed gravitational holding time, the
allowed pulse-weighted compliance falls as the cube of the
ramp time. The test mass and splitting amplitude cancel
from the leading phase ratio. Thus small superpositions
alone are not the problem; the potentially costly choice
is preparing them rapidly while allowing little time for
gravity to act. A specified horizontal elastic link illustrates
this distinction without identifying a vertical table mode
with an unknown interferometer cross response.

The original proposals by Bose et al. and Marletto and
Vedral require other entangling interactions to be excluded
or bounded [1, 2]. Apparatus effects have since been stud-
ied from several directions. Danielson, Satishchandran,
and Wald include the compensating laboratory dipole [3].
Céleri, Soares-Pinto, and Vanzella analyze recoil during
preparation, recoverable coherence, and acoustic limits on
the participating apparatus [4]. Gunnink et al. calculate
gravitational entanglement with heavy apparatus oscilla-

tors [5]. Casimir-screening analyses include surface forces
and bound branch-dependent plate deflection and its effect
on path coherence [6, 7]. Williams’s constrained-motion
proposal assumes independent mechanical supports [8].

Elahi et al. propose a shared-apparatus geometry in
which two nanodiamonds are trapped on opposite sides of
a microfabricated chip [9]. They identify vibrational noise
transmitted through the chip’s mechanical supports and
discuss possible isolation strategies. A detailed noise anal-
ysis and the design of the Stern-Gerlach pulse sequence
remain for future work. Their proposal does not quantify
entanglement mediated by the chip’s branch-dependent
elastic response. Once the relevant force sequence is spec-
ified, the criterion derived here applies to that response.

Neither the coherent bus mechanism nor the Gaussian
solution is new. Motional gates can return a thermally
occupied bus while entangling the controlled systems [10];
multiqubit Gaussian noise spectroscopy already relates
quantum cross spectra, pulse filters, and induced couplings
[11]. Our contribution is the channel-distance certificate,
its classical force-replay and nulling rules, and finite-time
compliance bounds tied to interferometer forces. The
result does not require reconstructing the whole noise
spectrum.

We carry the nominal long-pulse geometry of Bose et al.
through the calculation. Its test-pair phase is —0.3612 rad
for the smooth pulse specified below. We then compare
its compliance requirement with a short-ramp completion
of a constrained geometry. The comparison distinguishes
a published geometry, a chosen pulse, and a specified
mounting model throughout.

II. FROM CLOSED RECOIL TO A MEASURED
RESPONSE

A. Why coherent return is insufficient

A simple exactly soluble case isolates the effect before
any mounting approximation is made. Two test bodies
of masses m 4, mp receive forces z;a;(t) from a common



free support of mass M, where z; = 1 is the eigenvalue
of the record’s Pauli operator Z;. Their positions are x;,
the support position is X, and their canonical momenta
are p;, P. Consider
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The force and reaction sum to zero. Let d;(t) be the full
inertial branch separation, so that a; = midl /2. Assume
d; = d; = 0 at both ends of the cycle. Up to global and
local record phases, the final unitary is

U(T) = Ugree(T) etBrecZaZp /4)
(2)
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T
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This factorization holds for every initial motional state. It
follows because linear-force commutators are scalars: the
Magnus expansion stops at second order, closure removes
displacement operators, and two integrations by parts
give Eq. (2). Appendix D gives the proof and a causal
elastic completion.

The support displacement can be tiny while its phase
is appreciable. It equals

mazada +mpzpdp
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For initial |[++), with each + an X eigenstate, the ideal
record negativity is | sin(Ayec/2)|/2. The free-ended elas-
tic model in Appendix D gives negativity above 0.49998
with gravity absent. Its error bound includes every mode,
so the example does not rely on an instantaneous rigid
propagator.

Equation (2) also gives an exact special-purpose control:
nonoverlapping branch velocities cancel free translation.
A mounted apparatus can remember earlier forces, so that
control need not cancel its full channel. We now replace
the free mass by its measurable response.

B. Force ports and model assumptions

The two record operators commute. A mechanical port
coordinate ¢; is defined by work: an applied force F;
contributes —Fj;q; to the Hamiltonian. For an extended
actuator, g; is the displacement averaged against its actual
force distribution. After branch-independent forces are
included in the reference trajectory, the interaction is

Hi(t) = —Zafa(t)qa(t) — ZpfB(t)gs(t).  (4)

Here f; is half the difference between the two forces on
the apparatus. For Eq. (1), fi = —a;. Multiple force
locations and directions are retained by replacing each
product by a vector contraction; the two record labels do
not change.

support, clamps, and damping reservoir
replay A, read B

! D replay B, read A !

fa B

record A record B

FIG. 1. The relevant mechanical connection is measured at the
actual force distributions. Both directed actions integrate the
observed cross displacement against the other interferometer’s
force. Material stiffness, damping, and attachment to a frame
enter through this response.

The loads must be obtained from the branch-dependent
interaction, not from the test body’s acceleration alone.
For prescribed paths with interaction energies U;  and
U; —, a retained apparatus coordinate g, has load f;n =
—30,. (Ui 4+ — U; ) at the reference configuration. In a
magnetic splitter this includes the reaction on the field
sources and their supports. Confining forces can also load
an anchor during a hold. Forces at different locations,
and torques with their conjugate angles, must be kept
separately even when their resultant vanishes.

We assume quadratic dynamics for the apparatus to-
gether with its damping reservoir, linear canonical port
observables, and an initially Gaussian state of all these
traced-out degrees of freedom, independent of the records
and any spectator. The forces are prescribed nondemoli-
tion controls, meaning that they do not change the record
labels, and all smeared covariances converge. We sub-
tract the mean port motion and calibrate the resulting
local record phases. These assumptions allow a contin-
uum of modes, correlated fluctuations, memory, and time-
dependent linear dynamics. Neither weak coupling nor a
Markov approximation is required.

Since the commutator is a scalar, the retarded response
is

xult9) = S - a6, 6)

where 9 is the Heaviside function. It is also the exact

change of mean displacement per classical applied force. A

seismic transmissibility, relating base displacement to ta-

ble displacement, is not this response. Nor is displacement

at an arbitrary pickup necessarily the work-conjugate g;.
Define the two directed cross actions

%ZAﬁ@AMNMh@ﬁﬁ i35 (6)

Their sum and difference determine distinct phases in the
record channel:
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The first is a coherent Z 4 Zp phase. The second appears
in the reservoir overlap between different record histories.
Reciprocity of the stationary response does not make the
two actions equal for unequal pulse timings.



C. A bound on the complete record channel

A phase fit alone cannot distinguish an entangling re-
sponse from correlated noise. To make that distinction,
set

T
Qi = 7171/0 fit)ai(t) dt, Vij = 3(QiQ; + Q;Qi).

(8)
Let Dy average the product unitary e*(¢4Za+£825) gyer
a centered classical Gaussian variable £ of covariance V.
This channel can erase coherence but cannot entangle
separable records.

Theorem 1 (Response certificate). Under the assump-
tions above, the final mechanical record channel ® satisfies,
for every input state p and any spectator system,

D((® @id)(p), (Dy ®id)(p)) < B, 9)
§ = min {1, max(Tas, o4 } | (10)

Here D(p,p') = ||p— p'll1/2. No value of V is needed to
evaluate the bound.

The proof in Appendix A keeps both phases in Eq. (7).
It scales the quantum couplings by /u and adds classi-
cal local rotations with covariance (1 — «)V. The noise
stays fixed while the response phases scale by u. Ev-
ery intermediate map is completely positive. Integrat-
ing its trace-distance derivative gives |A,,|/4 + |o] =
max(|Zagl,|Ipal)/h. The constant is sharp to first order
for a noiseless closed bus gate.

This result supplies an operational mechanical-only null.
For a fixed sign s = £1, the witness

_ I*XAXBJrS(YAZBJrZAYB) (11)
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has nonnegative expectation on separable states and spec-
tral range one. Thus initially separable records, with
gravity and other entangling channels absent, obey

W,

— (W@ (psep)) < B. (12)
For comparison, e*®sZ4Z8/4| 4+ 1) gives
|sin(A,/2)]
= el (13)

with the matching sign. Allocating a fraction n of this
ideal signal to mechanics means requiring 3 < nwg. This
bounds a false positive; it does not assume that the ideal
signal survives noise.

III. CALIBRATION AND LOCAL REMOVAL
A. Replay the force, not the seismic disturbance

The channel certificate becomes useful when the same
actions can be measured without resolving a single

branch’s minute displacement. Apply an amplified force
A; f; at port j, with the other branch-dependent force off,
and measure the baseline-subtracted cross displacement
Yi—j. The apparatus configuration, controller setting,
and spatial force profile are unchanged. Linearity gives

- 1 T
%=Méﬁwmwm. (14)

The gain is admissible only over a verified linear range.
Increasing a splitter’s current does not by itself implement
this replay: it can change the trap stiffness or the force
distribution. The calibrated drive must reproduce the
differential load, including any retained force and torque
components.

The norms below are time-domain LP norms. If the
max

complete displacement error satisfies [[6y;;llc < 0y,
Hoélder’s inequality gives

o (FAF
Y RYI . as)
max;; (| 1| + eij) } .
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For an L? displacement-error bound €;;, use
eij = || fill2€i/1A5]- (16)

The error includes baseline subtraction, gain, drift, sensor
bandwidth, and admitted departure from linearity. Ap-
pendix B adds force-waveform errors and finite-sample
witness uncertainty. A finite measured frequency band
cannot silently replace an all-frequency response.

For the running example we choose the smooth opening
profile
d(t) = dos(t/7), s(u) = 35u? — 84u® + T0u® — 2007,

(17)

followed by a hold of duration H and the reversed closing
ramp. The source geometry and nominal ramp and hold
times follow the explicit scheme of Ref. [1]

m = 10" kg,
7=0.5s,

R =450 um, dy = 250 pm, (18)
H=25s.
The polynomial is our endpoint-smooth replacement for
the proposal’s idealized acceleration sequence. It gives
f=-md/2, | flli = 2.1875x 10~'7 N's, and the test-pair
Newtonian phase A; = —0.3611838 rad, including both
ramps.

As a specified acceptance target, take A = 10'! and a
complete raw displacement-error bound 0.1 nm. The peak
replay force is 3.76 uN and e/h ~ 2.07430 x 10—, A speci-
fied 400 kg free translating capsule gives Ao = —9.6704 x
10~* rad. If replay returns these actions, Eq. (15) gives
Beal < 4.50 x 1074, below 0.01w, = 8.98 x 10~*. The
capsule calculation isolates translation; the replay test,
not its nominal mass, must cover the remaining response.



B. Cancel both directed actions

Calibration can also specify a control change instead
of merely accepting a background. For a fixed apparatus
response, hold f4 fixed and change the other local force

to
/ggdt:/tggdt:(). (19)

The added loops preserve inertial displacement and mo-
mentum closure. Let b contain the two baseline actions,
and let column ¢ of C' contain the two actions with g, in
place of fg.

fB = fBo+aigi1+azgz,

Proposition 2 (Two-response null). If C is invertible,
a = —C~'b makes the final mechanical channel exactly
Dy, with V' evaluated for the modiﬁ,e\d forces. With mea-
sured coefficients, choose a = —C~1b. If their entrywise
action errors are ey, and ec ¢, then

2
1
Buoun < min {1, 5 max <€b,r + Z |ae|ec,7-e> } . (20)

(=1

Both actions are linear in fg. Their residual is b + Ca,
proving the exact statement and, by a rowwise triangle
inequality, the error bound. This is a change of local
pulses, not subtraction of an entangling gate from mea-
sured data. Correlated dephasing may remain; the null
does not preserve its original covariance.

A numerical example in Appendix B uses a damped
test response and the Bose pulse. Simply delaying one
interferometer by 0.5 s nulls free recoil but not its two
damped actions. Two added loops remove both while
retaining 86.5% of the original test-pair gravitational
phase. The coefficients are bounded and the corrected
branch separation remains between zero and dy. This
example illustrates conditioning and pulse closure, rather
than assigning the test response to an actual horizontal
mount.

IV. PASSIVE COMPLIANCE AND RAPID
PREPARATION

A. A measurable design rule

A useful comparison between pulse families should not
depend on a guessed platform mass. For nonzero forces,
define the pulse-weighted cross compliance

PO I
ij — .
1 fill2ll 5112
It has units of m/N and retains the phase cancellations in
the actual waveform, for stationary or nonstationary re-

sponse. Equation (10) gives the sufficient, directly testable
requirement

(21)

_ nhw
max Xis] < ” y (22)
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TABLE I. Maximum pulse-weighted cross compliance from
Eq. (22) for a one-percent ideal-witness budget. Thresholds
are rounded downward. The smooth pulse is a design choice
in every row; the two short ramp times are not specified by
Ref. [8].

Reference T (s) Wy bound (m/N)
Bose [1] 0.5 8.981 x 1072 1.48 x 1074
Screened [7] 0.25 2.375 x 1072 3.65 x 107*
Short, 1 ms 0.001 4.456 x 10~° 3.69 x 10712
Short, 10 ms 0.01 4.687 x 107° 3.88 x 107°

For stationary response, a uniform bound |x;;(w)| < x«
implies |x;;| < x« by Parseval and Cauchy-Schwarz, but
replay is usually less conservative and does not infer a
uniform envelope from finitely many samples.

For identical collinear pulses with dy < R, the exact
pair reference is

2Gm? [T d(t)?
— dt 23

By = 1—dt)2/R2"

Define Heg = H + 10427/1287 for Eq. (17). Its force
norm is

140m?d?

2 _

(24)
For reciprocal response and these identical pulses, the
common Y gives A, = 4x||f||3/h. Bounding the denomi-
nator in Eq. (23) yields the exact interval

Ay,
(1—d2/R)R < \ <R,
Ag
(25)
R 280|y|R?
 11G7T3Heg

The susceptibility itself changes when the pulse changes.
A nearly static stiff response gives a 72 phase ratio for a
hold-dominated cycle; free translation instead gives 77 1.
Equation (25) separates this mechanical dispersion from
the kinematic pulse cost. There is no enhancement caused
by reducing m or dy alone at leading small splitting.

Table I lists acceptance thresholds, not inferred hard-
ware properties. The screened reference uses the published
surface-force trajectory, not a fixed initial gap. The short-
ramp rows use Williams’s mass, spacing, and splitting
with our explicit ramp and hold completion. Their hold-
ing trajectories are fixed by control, not identified with an
unforced pendulum orbit. The input models and phase
derivations are given in Appendix E.

B. All-mode bounds from passive mechanics

A static compliance is not a uniform frequency-response
bound: a lightly damped resonance can exceed it. The



following finite-time estimate avoids that substitution.
Assume a stationary reciprocal passive response with a
real oscillator representation

C’I’Ll n
Xij (t Z i wi sin(wpt), My, w, > 0. (26)

A convergent positive spectral measure may replace the
sum, including the loss reservoir. Let the static self com-
pliances be finite:

2
=) L
(2 27
' M

Free zero modes must be separated before using these
quantities.

CniCnj
— 27
M,w? 27)

Theorem 3 (Finite-time passive compliance). For ab-
solutely continuous compact forces with integrable deriva-
tives,

1151 < VCCi (I fillllfllz + Lfill L f5lle)- (28)

If all response modes also satisfy w, > w1 > 0, and
the zero-extended forces have absolutely continuous first
derivatives and integrable second derivatives, then

1i; — Cij /fifj dt‘ < Eij,
(29)

C;.. . . . .
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The first estimate is an all-mode design certificate even
when a resonance lies inside the pulse spectrum. It as-
sumes no gap and no lower bound on damping. The
second gives a controlled static approximation when a
gap is known, without discarding a high-frequency pulse
tail. Appendix C proves both by integration by parts and
a spectral Cauchy—Schwarz inequality. Combining either
with Eq. (10) turns a justified compliance measurement
or model into a mechanical witness budget.

C. A horizontal mounting model

To test whether fast-pulse sensitivity requires a freely
moving kilogram, consider an explicitly clamped longitu-
dinal elastic link. Its displacement field u(z) on 0 < z < ¢
has Hamiltonian

l 2
Hp = % /O mﬁ +BA@w)?| de.  (30)

The endpoints obey u(0) = u(¢) = 0. Here E is Young’s
modulus, ¢ is mass density, A is cross-sectional area, and
7 is momentum per unit length. The two horizontal axial
force profiles are uniform patches of width b, centered
at /3 and 2¢/3. The model is local with wave speed

cs = v/ F/o and first frequency wy = me; /L.
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FIG. 2. Design comparison for R = 100 pm, dop = 1 pm, and
H = 0.14 s. The dashed curve is the measured-compliance
acceptance threshold, not an assumed mount property. The
band follows Eq. (29) for the specified clamped link. Once its
upper edge lies below the budget, all longitudinal modes meet
the mechanical bound.

We choose £ =0.10m, A =10"* m?, b = 1072 m, and
nominal density o = 8000 kg/m? as design inputs. NIST’s
304-stainless modulus fit at 293 K gives £ = 199.534 GPa
[12]. The link mass is 0.080 kg and w; /(27) = 24.971 kHz.
The force patches specify the attachment of the actuators,
not the spacing of the test masses.

The exact patch-averaged static Green function gives

_ _ —10
Cap = g7 = 556854 x 1071 m/N, o
20/9 —b
Ca=Cp= % =1.10536 x 1072 m/N.

For Eq. (18), the static mechanical phase is only 1.3441 x
108 rad, with an all-mode error below 2.99 x 10~'° rad.
A large freely translating mass was not needed to make
that long-pulse background small.

For the short reference, take m = 10~ kg, R =
100 pm, dp = 1 pm, and H = 0.14 s from the scales
in Ref. [8], but choose 7 = 1 ms and actively held paths.
Equation (29) gives

2.538 x 1075 < A,, <2838 x 107" rad.  (32)

The pair reference is —1.7825 x 10~ rad. The mechanical
phase magnitude is therefore between 1.42 and 1.60 times
that reference within the specified elastic model. The sign
is opposite here; this is a coherent bias, not a claim that
it reproduces every predicted gravitational correlator.

Keeping the same link and hold but increasing the
ramp to 10 ms reduces the mechanical-to-gravitational
phase ratio below 0.00144. The corresponding bound is
below one percent of the ideal witness. Figure 2 shows
the comparison as a compliance budget. A stiff horizontal
load path can therefore require calibration for millisecond
ramps, while longer ramps can satisfy a provable material-
channel bound.



D. Resolve the actual load path

Constrained motion makes port identification especially
important. In a linear pendulum model, k = mwf) and
a prescribed branch displacement zd/2 requires actuator
force zm(d + w2d)/2. The apparatus then receives two

branch-dependent loads,

m
fanchor = wa)d (33)

fact = _%(d + wgd>7
Their sum is the inertial reaction —mci/ 2. Their mechan-
ical work is not determined by that sum unless they act
on the same displacement coordinate. Separated actuator
and anchor motion requires the vector version of Eq. (6),
including their cross responses. Appendix C derives this
statement and its coordinate invariance.

Williams’s example uses 0.5 m nanotube pendula and
assumes independent supports; it supplies neither a com-
plete reaction-force transfer matrix nor a ramp waveform
[8]. Accordingly, Egs. (32) and (33) are a specified shared-
mount completion and a calibration prescription, not a
measured percentage for that proposal. Mechanical in-
dependence, when established as xap = xpa = 0 for
every retained load component, is an exact null. A finite
residual is handled by Eq. (15).

V. DISCUSSION

The source of concern is work done through a common
quantum material response. Closing its trajectory does
not remove the accumulated phase. Conversely, a suffi-
ciently small pair of measured cross actions excludes a
large mechanical entangling channel without requiring a
mechanical visibility estimate. A complete two-response
null removes that channel by local controls. These state-
ments give a sharper experimental criterion than replacing
a platform by a free mass or by the mass of the Earth.

The new design information is the finite-time compli-
ance budget. Its passive version includes all response
modes and does not assume that static stiffness bounds
resonant amplification. Its gapped version makes the
short-pulse elastic example controlled. The 773 stiff-
response scaling explains why an apparatus adequate for
a long interferometer may require a new calibration after
the ramp is shortened.

The channel theorem assumes prescribed nondemolition
forces, quadratic dynamics, and an initially Gaussian me-
chanical environment independent of the records. Branch-
dependent stiffness, nonlinear control, autonomous actua-
tor dynamics, and an unmodeled feedback path require
separate bounds. The clamped link excludes bending, fi-
nite clamp compliance, and other load paths, all of which
belong in a real replay measurement. Its geometry and
density, the short ramps, and the replay accuracy are de-
clared design choices; the modulus is a nominal material
fit, not a certified sample value. A port-resolved load

and susceptibility are needed to attribute a mechanical
background to an actual instrument.

Coherent phase estimates alone do not predict observ-
able entanglement. For example, the specified 293 K link
with the 1 ms pulse has calculated tr V ~ 1.27 x 1073,
which prevents the witness used here from detecting the
much smaller coherent signal. Appendix F gives the covari-
ance calculation and its mode-tail bound. Gravitational
reference phases use prescribed Newtonian test-pair paths.
Full apparatus gravity, controller stress, wave-packet dy-
namics, electromagnetic interactions, and detection errors
remain separate budgets. None is set to zero by the
mechanical certificate.

The distinction from previous work is correspondingly
narrow. Reversible preparation recoil [4], gravity-induced
apparatus decoherence [5], branch-dependent screening-
plate motion [6], closed motional gates [10], and quantum
cross-spectrum reconstruction [11] are established ingredi-
ents. The present bound retains the two directed actions
as an operational channel-distance budget, and supplies
classical replay, local nulling, and passive compliance esti-
mates for that budget. Published vertical-heave data [13]
can motivate a numerical damping example but do not
determine a horizontal cross response. We therefore do
not use them to rank proposal families.

Finally, mechanical calibration does not depend on a
gravitational gauge choice. It is defined by physical work
and displacement. The complete Newtonian source has
its own mixed branch terms when a recoil body is shared;
Appendix E retains them and shows the cancellation of
spurious support self-phases. For a conserved relativistic
completion the usual gravitational Ward identity remains
valid [3, 14]. Neither that identity nor a local gravitational
description eliminates an additional material mediator.
The experimental task is to bound both, rather than infer
the absence of one from the coherent return of the other.
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FIG. 3. A physical interpolation for the proof. Quantum
couplings scale by +/u; correlated classical rotations have co-
variance (1 —u)V. Both noise contributions add to V.

Appendix A: Exact Gaussian channel and response
certificate

Put Q, = z4Q 4 + zQp. Scalar commutators make
the Magnus expansion terminate, giving

U, = elezele, 0, = ﬁ ZZZZ]I” (Al)
ij

The definition of I;; is extended to ¢ = j here. Such
terms are global because z? = 1. Splitting the full-time
commutator integral at ¢t = s gives

1

[Qa,QB] = =

(IAB_IBA)- (AQ)
Cyclicity of the reservoir trace, the Baker—Campbell—-
Hausdorff formula for scalar commutators, and the cen-
tered Gaussian characteristic function then give the exact

record multiplier

pzz’(T) = exp ZAm
Pzz (0)

(2428 = 242p)
(A3)

s exp fio(zazl — z524)
xexp[—3(z—2)V(z-2)].

The expression is interpreted as a Schur multiplier when
an initial matrix element is zero. A coherent reservoir
mean contributes only local phases. The same formula
follows for convergent continuum covariances. Damping
is represented by including its quadratic reservoir, not by
replacing frequencies in a unitary propagator by complex
numbers.

For 0 < u < 1, scale the quantum forces by /u and
compose the resulting map with classical local Gaussian
rotations of covariance (1—u)V, sampled independently of
the reservoir. The total covariance stays V', while A,,, o
become uA,,,uo. This construction makes each interpo-
lating map ®,, completely positive and trace preserving,
even on an input entangled with a spectator. Figure 3
records that construction.

For X,, = (®, ®id)(p), differentiation of Eq. (A3) gives

(JAN,

0y Xy =
4

[ZAZBvXu] + iU(ZAXuZB - ZBXuZA)'
(A4)

Identity operators on the spectator are implicit. Since
X, is a density matrix and the Pauli factors are unitary,
Integrate over u and use (Ja+b|+|a—b|)/2 = max(|al, |b])
for real a,b. With a = Ixp/h and b = Ig4/h, this proves
Theorem 1. The cap follows from D < 1. For a closed
noiseless gate, V=0, o = 0, and the distance on |++) is
|sin(A,,/4)|, proving first-order sharpness.

For a product state with Bloch vectors a, b, four times
the expectation of Eq. (11) is 1 — agzb, + s(ayb, + a.by).
Its bilinear term is a' Kb for an orthogonal matrix Kj,
hence is at least —|a||b] > —1. Convexity proves positivity

on separable states. Direct Pauli multiplication gives
spectrum (—1/2,1/2,1/2,1/2), so

[ tr[Ws(p — p")]l < D(p, o).

Combining this with Theorem 1 proves Eq. (12). The
ideal-state correlators are (X X) =1 and (YZ) = (ZY) =
—sin(A,/2), proving Eq. (13).

The partial transpose of Wy is the joint +1 stabilizer
projector of —X 4 X5 and sY4Zpg. These are commuting
independent Pauli operators; the projector has rank one.
Therefore N (p) > — tr(W,p), where negativity A is the
sum of absolute negative eigenvalues of p’®. This also
proves the negativity estimates used below without iden-
tifying every witness violation with the exact negativity.

For reciprocal response and proportional pulses with
the same timing, I4p = Ip4 and ¢ = 0. Their mechanical
overlap factors are

(A6)

—2Vaa —2VegB
)

Vg =€ v = € ,
— ¢ 2(Vaa+Vpp+2Vap)

(AT)
vt

On the initial |[+4), one obtains

vy +v-—2  va+up
8 4

—tx(Wyp) = [sin(An/2)| (AS)
for the matching sign. In particular, (X X) = (v4 +v_)/2,
not vavpg. The noise is correlated, and its value is derived
from V rather than assigned. If both cross actions vanish,
Eq. (A3) reduces exactly to Dy for any physical V.

Appendix B: Replay errors and the two-response
control

A force F; changes the mean of ¢; by [ x;;F;. This
follows by the linear Heisenberg equations, or by the first
commutator in the Dyson series: its scalar value makes
all further response commutators vanish. Equation (14)
and the Holder error estimates therefore hold exactly in
the stated model.

The actual force can also differ from its replay target.
Write f; = fi + 0 f; and suppose ||d f;]|2 < r;. If the finite-
window response has induced L? norm at most K;;, and



€;; bounds the nominal replay-displacement error in 2,
the action error is bounded by

Il fill2€i;
R¥]
+ Kij (rill fillz + 75l fill2 + 7iry).

€ij <

(B1)

Expansion of the bilinear action and Cauchy—Schwarz
prove all three additional terms. The response norm
must itself be justified. This formula does not infer an
unmeasured spectral tail from a few frequencies.

For stationary response, use the Fourier convention

flw) = [ f(t)e™! dt and extend forces by zero. Then

= [ ZRerw@he:.  ®)

—00

The integral is real. Absolute values and Cauchy—Schwarz
prove the uniform-envelope assertion following Eq. (22).
Time-domain replay avoids needing such an envelope if
its complete displacement error is already controlled.

The null of Proposition 2 follows from b—I—ACa = 0. With
measured coeflicients this residual is (b —b) + (C' — a)a7
giving Eq. (20). Closure of a loop g = —mdg/Q follows
from d, = dg = 0 at its endpoints. Ill conditioning does
not invalidate the identity, but can make its error bound
or required force amplitudes unusable.

For an explicit numerical control, let P, g, denote the
complete separation pulse of height 250 pm starting at
tg. Use

da = Po52.5,0s dpo = Py.5,2.5,0.5,

B3

dg1 = Py.25,0,05 dg2 = Py.50,3. (B3)
Choose the test susceptibility
(@) = .

= M2 = w2 —2icw)” (B4)

M =187 kg, Q =2n(0.42 Hz), (=0.58.

Ref. [13] states the suspended mass and fits the resonance
frequency from the PSD; the latter is held fixed in the
transmissibility fit yielding the damping ratio. Here both
port participations are a numerical design choice. They
are not measured horizontal or constrained-device parame-
ters. This response is used only to exhibit a nonsymmetric
pair of actions and a well-conditioned null.

The baseline actions and control matrix are

b/h~ (—1.53613 x 107, 1.79662 x 10~*)T,

C/h e 104 1.64080465218 1.49297536562\ (B5)
- —1.63413864423 2.41243602170 )

The rounded coefficients are a; = 0.42502996 and as =
—0.45682594. The first loop occurs before the delayed
pulse, and the second subtracts from its final hold and
closing ramp. Since 0 < a; < 1 and —1 < as < 0, direct

T T
§ /,____ e
~— 1 \
= 200 ! \ R
e} - \
S| \
g ------ Delayed B \
b5) Calibrated B !
@ 100} \ -
< 1 '
[3) i 1 .
= 1 1 o
] 1 \ .
A ! \
oW ! ! ! \
0 1 2 3 4
Time (s)

FIG. 4. The two-response null in the specified damped test
model. Delaying B removes the free-mode phase but not
the mounted response. Two bounded closed loops cancel
both directed actions while retaining a common gravitational
interaction interval.

comparison of the monotone opening and closing poly-
nomials proves 0 < dp < dy. The retained gravitational
phase is 86.5% of the synchronized reference by the branch
kernel in Appendix E.

An interval evaluation treats the nominal parameters
in Eq. (B4) as exact. It gives

6.39806498735 < 108 det(C//h) < 6.39806498736,
—1.15405 x 107 < I, p/h < —1.15403 x 10~ 14, (B6)
6.90469 x 10713 < Ipa/h < 6.90471 x 10713

for the eight-decimal coefficients, so 8 < 6.91 x 10713 is a
numerical rounding bound for this test. More usefully, if
each normalized response entry has measurement error at
most €, Eq. (20) gives Bnun < 1.882¢ plus rounding error.
Thus the residual is controlled by calibration, not by the
displayed number of digits.

Finite witness statistics are separate. With N indepen-
dent trials for each of the three Pauli correlators and sign
s fixed in advance, Hoeffding’s inequality and a union
bound give witness error

€stat = g % (B7)
with probability at least 1 — a. Each [—1,1] correlator
has error at most the square root except with probability
a/3. A violation exceeding Scal + €stas rejects the covered
mechanical-only null under these sampling assumptions.
Established additional channel-distance errors add to that
threshold.

Appendix C: Passive compliance and the pulse scaling
1. Proof of the all-mode bounds

Let R,(t) = 9(t)sin(wt)/w and define J, (g, f) =
J g(Ry, * f)dt. The forces are extended by zero. One



integration by parts gives

(Rw*f)(t)zé [f(t)—/_ cosw(t—s)f(s)ds .
N (c1)
Consequently,
[ Ju(g, f)] < (\|9\|2||sz+\|9|| I£h)- (C2)

For each mode in Eq. (26), multiply by |cnicy;|/M, and
sum. The spectral Cauchy—Schwarz inequality

Z |CanJ|
Myw2 —

proves Eq. (28), also for a positive spectral measure. The
finite right-hand side supplies domination for the contin-
uum limit.

For the smoother forces of Eq. (29), R + w?R,, = 0
and a second integration by parts give the exact identity

Lig =80 Lh)

Indeed R, * "= f- szw x f and (g, R, * f") =
—Jw(g, f); the zero-extended endpoint conditions remove
boundary terms. Apply Eq. (C2) to the last term and use

Vi,

Z Icmcm‘
Mywi = w?

This proves the second bound. No expansion in pulse
bandwidth has been used. Replacing the full spectrum by
a claimed gap is permissible only when the gap is actually
part of the specified response model.

C.C; (C3)

(C4)

(C5)

2. Exact pulse constants

Differentiating Eq. (17) gives s'(u) = 140u3(1 — u)3.
Polynomial integration gives

1 1
/ (s")? du = 700,429, / (s")? du = 280/11,
0 0

1
/(“’) du = 1120,
0

For example, the first is 19600 6!6!/13!; the others follow
by expanding the displayed polynomial. Splitting at the
real roots of its successive derivatives gives

1 (C6)
/ s% du = 521/1287.
0

1 1
/ || du = 35/8, / || du = 336V/5/25,
’ . ()
[s""| du = 273.
0

The first is twice the maximum of s’. The extrema for
the second occur at u = (14 1/+/5)/2; those for the third
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oceur at w = 1/2 and v = (1 £ 1/3/5)/2. Substitution in
the preceding derivatives yields these absolute integrals.
Both ramps therefore give

35mdg o 140m2d3
£l = Sy ' ||f|‘2:11737
: 336+/5mdy 560m2d32
1l = "—=—=—  Ifl3=—"7F"2 (C8)
25T 75
273md0 42v/5md,
||f||1f 3LX|JC|:W

The time integrals are

o 140042 ) ) 10427
/d dt = 59, /d dt—dO(H+ 1287>'
(C9)

These prove Eq. (24), the replay scales, and the free recoil
constant. Inserting the second identity in Eq. (23) and
bounding 1/(1 — d?/R?) between 1 and 1/(1 — d3/R?)
proves Eq. (25). For free translation it gives the cor-
responding bounds with R = R® [ d?dt/(2GM [ d? dt),
recovering the 77! hold-dominated scaling.

For the synchronized pulse, the static phase approxi-
mation and its error are particularly explicit:

A o= 560C 4 pm?2d3

' 11h73 ’

4\/ CACB m2d(2)
hiw? b

172

|Am — Aol < (C10)

25

All constants in the clamped-link comparison follow from
this inequality and the analytic interval for Eq. (23). The
displayed intervals are rounded outward for the nominal
design parameters.

3. Clamped-link Green function and causality

Varying Eq. (30) gives uy — c2uze = F/(0A), where F
is force per unit length. Its retarded Green function in a
Dirichlet interval is the reflected image sum of the one-
dimensional free wave Green function, with the opposite
sign for odd reflections. Every term vanishes before its
path’s acoustic travel time. For an interior observation
point, only finitely many reflected paths arrive in any finite
interval. This proves finite propagation speed without a
mode cutoff. Equivalently,

=2 Z Gn sin(nmz/0),
n>1 (C11)
M, = 0Al, Wn

= Nnw1i.
A uniform port centered at x; has

Cni = V2sin(nmz; /0) sinc(nmb/20), (C12)



where sincz = sinz/z. This mode expansion and the
image solution are representations of the same causal
field.

The static Green function solves —EAJ2C(z,y) =
d(z—y) with zero endpoints. Continuity and its derivative
jump give

min(z,y) — xy/¢

C(z,y) = A .

For the two disjoint symmetric patches, averaging gives

Cap = £/(9EA). For two independent uniform points

in one patch centered at x;, the average of min(x,y) is

x; — b/6 and the average of xy is z7. This proves both

self compliances in Eq. (31).

The NIST polynomial used for the numerical modulus

is, with temperature © in kelvin and E in GPa [12],

E(©) = 210.0593 + 0.153488360
—0.00161739002 + 5.117060 x 107503 (C14)
— 6.154600 x 10~70%.

It is the tabulated 57—293 K fit. Evaluating at 293 K
yields the nominal F used in the paper.

(C13)

4. Distributed forces and constrained motion

For a constrained test mass, let a be its anchor coordi-
nate and v its actuator coordinate. A linearized Hamilto-
nian has potential k(x —a)?/2— ZA(t)(z —v). Prescribing
x = zd/2 with zero reference anchor displacement requires
A=m(d+ w2d)/2, where w2 = k/m. Differentiating the
potential with respect to a and v gives the two reactions
in Eq. (33) Their work is fanchor@anchor + fact@act- Only
when these coordinates coincide may the two forces be
combined into their net inertial value. Moving anchors
and actuator feedback require the actual resulting load
histories, not this fixed-anchor substitution.

For arbitrary retained components «;, v, the exact action
is

L=y / dt / ds fio(t)Xiajv (t,8) fi(s).  (C15)

The scalar Q); is the same sum of the smeared linear coor-
dinates, so every step in Appendix A is unchanged. Under
an invertible linear coordinate change ¢’ = Lgq, work is
preserved by f/ = L~Tf, while y' = LxL"; hence the
action is invariant. A prescribed common translation of
coordinates changes only local record phases. This proves
coordinate invariance of the mechanical certificate, with-
out asserting a new gravitational factorization theorem.

Appendix D: Free recoil and a causal elastic
completion

In the free interaction picture,

[X(t), X (s)] = —ih(t — s)/M.

10

Each test body obeys the corresponding relation with its
own mass. All nested commutators beyond second order
vanish. The closed endpoints give zero total impulse and
zero first time moment of each force, so the first Magnus
term vanishes. All self terms are proportional to Z? = I.
The cross action is

Iapg = %/QA(t) /Ot(t s)ap(s)dsdt

_ mamp
T 4AM

(D2)

dadg dt.

It is symmetric in A, B. Equation (7) proves Eq. (2) as
an operator identity, independent of the motional state.
Integrating the support acceleration also gives the dis-
placement quoted in the main text and verifies cancella-
tion of the total branch-dependent mass dipole at every
time. The negativity of the ideal final |[++) state follows
by the two singular values of its 2 x 2 coefficient matrix,
whose product is | sin(Ayee/2)|/2.

A local completion uses a free-ended elastic field with
line density M /¢, wave speed ¢s < ¢, and nonnegative nor-
malized local port profiles. Neumann boundary conditions
give

u(z) =qo + \/52 gn cos(nmz /L), wy, = nres /Y,

n>1
(D3)
with mode masses M. The translating mode gy gives
Eq. (2); all other port coefficients satisfy |c,;| < /2. Tts
point-port retarded Green function is

12 x—y+ 2kl
o) = g5 [o (1 Zvr20)

keZ ’ (D4)
N (t_ |m+y+2u|”

Cs

This is the free one-dimensional wave Green function and
its even reflections; substitution verifies the wave equation,
its impulsive source, and the zero normal derivatives at
the endpoints. Only finitely many images arrive in finite
time. Averaging over separated port profiles preserves
causality. The complete field, not the translating mode
alone, is the local model.

For identical synchronous smooth forces f, Eq. (C2)
gives a phase bound for all nonzero modes:

B = ek (115 + 171 71h)

|Ae1| S Bel~

(D5)

Here w; = mes/¢ and ((p) denotes the Riemann zeta
function, distinct from the damping ratio in Eq. (B4). No
pulse-frequency cutoff is used.

Let the nonzero modes initially be independent thermal
oscillators at temperature ©, while the free mode has an
arbitrary normal state independent of the records. Their



displacement amplitudes and noise covariance are

s — Zcrnf(wn)
ni — 2thn7
. (Do)
= B n o).
Vij ;cot (%B ) Re(anior,;)

The sign of o depends on the chosen force sign and does
not affect this covariance. Two integrations by parts give
|f(w)| < ||f]l1/w?. Using cotha < 141/ for z > 0, and
the two-port coefficient bound, gives

%N?d@+%ﬂx@}

trV < Bg := Mh [w? hw?

(D7)

The zero-temperature limit is obtained by removing the
second term.

The correlated dephasing channel is a completely posi-
tive semigroup generated by —% =, Ax[Ay, [Ax, -], where
A, and unit vectors diagonalize V and Ay is the corre-
sponding real combination of Z4, Zp. Since || Al < V2,
integration of the trace-norm derivative gives

D(Dy(p),p) <min(1,2tr V). (D8)

A phase error § in e"2%4%8/4 changes a state by trace
distance at most |§|/4, by integrating its commutator
generator. The witness and negativity properties in Ap-

pendix A therefore imply

(on(ee/2_Pa ) (o)

N(pap) > max (0, 5 1

For the Bose pulse, choose the model parameters £ = 1.1
m, ¢, = 5000 m/s, © =4 K, and

140()m2d%
4297hr

These are design choices, not a freely recoiling instrument
identification. Uniform ports of width 100 pum separated
by 450 pm are disjoint. Then Aee = —m, Bg < 3.584 x
107°, and Bg < 5.771 x 1077, proving N’ > 0.49998 at
G = 0 for the full causal field. The result does not require
a mode revival.

M = =0.1231274039. .. kg. (D10)

Appendix E: Gravitational references and complete
sources

1. Proposal scales and branch phases

For centers z7 = :c? + z;d; /2, the branch phase is ¢, =
—h~! [U, dt with U, = —Gmamp/r,. The invariant
Grt+ b — by —d_4 gives Eq. (23) for equal collinear
splittings. More generally, put u = (dga — dp)/2 and
v = (da + dg)/2. The instantaneous collinear kernel is

2R(u? — v?)
(7 — (R~ )

Ky = (E1)
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For parallel splittings transverse to the midpoint separa-
tion it is
2 2

K = - .
VRt VR A2

(E2)

Integration of GmampK/h gives the pair phase. Both
formulas follow by inserting the four separations; ratio-
nalizing the first difference gives the form in Eq. (E1),
which also avoids subtracting nearly equal inverse lengths
numerically. Spherically symmetric nonoverlapping classi-
cal mass profiles have the same Newtonian pair potential.
The calculations here remain prescribed-path reference
models.

The screened row in Table I uses Ref. [7]’s nominal
m = 107" kg, dy = 29 pm, 7 = 0.25 s, H = 0.5 s,
dielectric constant ¢ = 5.1, density g4 = 3500 kg/m?,
dipole magnitude p = 1072 ecm, initial distance zy =
41 pm, and plate thickness W = 1 pum. We choose
the aligned-dipole orientation and the smooth ramp of
Eq. (17). Dividing the cited ideal surface forces by mass
gives

f= Ao/ — Ap/#,  20)=z, 0)=0,

_ 3hce—1 3 3p?
O or e+ 24w

(E3)

b= 32megm

These forces are physical input approximations from that
proposal. At one second, the calculated z is 16.4172 pum.
Using R(t) = 2z(t)+ W in Eq. (E2) gives A, = +0.09504
rad. Keeping the initial 83 pm gap fixed would not give
that number.

For the short reference, m = 1074 kg, dy = 1 pm,
R =100 pm, and the 0.14 s interaction scale are taken
from Ref. [8]. Its realization uses pendula of length 0.5
m. The 1 and 10 ms ramps and controlled flat hold in
this paper are additional choices. They make the branch
histories, load rule, and comparison reproducible. They
are not the unforced constrained orbit, which would use
d(t) o« cos(wpt) and its own preparation and closure.
Equation (33) identifies the separate forces needed for
the controlled completion. Our scalar-link estimate fur-
ther specifies that each record’s two loads are applied
at its same displacement coordinate. Otherwise the full
component response must be used.

We use G = 6.67430 x 107" m?kg 1s72, ¢ =
8.8541878188 x 1072 F/m, and the exact SI values of
h,c, kg, and e [15]. Extra numerical digits specify repro-
ducibility, not physical parameter accuracy.

2. The shared support’s gravitational source

For four complete finite Newtonian densities write

Pz = po+ 24pa + 2BPB + 242BPAB- (E4)



Each coefficient is the average of the four densities against
its indicated sign. Let

B = [ U)oy U= -SEB(p., p).

[z =yl 2
(E5)
Polarizing this quadratic form gives the exact complete-
source invariant

4G
A, = ?/[B(pA,pB) + B(po, paB)]dt.

(E6)
Indeed the z4zp coefficient of B(p.,p.) is twice the
bracket, and the branch invariant multiplies that coeffi-
cient by four after the factor G/2 in the action is included.
A shared support translated by a displacement linear in
both branch signs generally has pap # 0: its density is
a translated function, not a linear function of displace-
ment. Translation invariance makes the isolated support
self-energy identical on all four branches. Its two terms in
Eq. (E6) therefore cancel exactly. Keeping only the pair
of differential support densities would create a spurious
self-phase.

There is also an exact tidal bound for a rigid support.
Let ®r be its potential in its own coordinates and let
K; bound ||VV®g|lop throughout the branch rectangle
sampled by body 4. Its recoil displacement is Eq. (3). For
the two test—support interactions,

mam
]‘;‘/IHB/|dAdB|[(1+mA/M)KA

To prove it, apply the two-variable fundamental theorem
of calculus to ®r(x + zaa + zgb). Its branch double
difference is f_ll f_ll a'VV®g(x + sa + tb)bds dt, whose
magnitude is at most 4K |al|b]. For body A, the two
displacements are (1+ma/M)da/2 and mpdg/(2M); in-
terchange labels for body B. Multiplication by the body’s
mass and integration prove Eq. (ET). Finite density pro-
files can be averaged with the same bound.

An affine potential contributes zero. For an external
spherical support, K; < 2GM/h® when the sampled dis-
tances from its center are at least h. For equal masses
and splittings, Eq. (E7) becomes

4Gm?

Bgnl < O +m/M)/d2 dt.
The cancellation of M in this leading bound distinguishes
a heavy support from a spatially homogeneous support
field. Global monopole and dipole closure constrains the
external far field, not the internal interaction of nearby
parts of a common apparatus. In particular, the R—3
small-splitting coefficient in Eq. (23) is not replaced by a
universal R~° law.

For a conserved relativistic completion, a linearized
gauge transformation hy, +— hy, +20,&,) changes the
source coupling by

A <
| g,R| = (E7)

(E8)

5S; = / T 9,8, do = — / £,0,T" d*z =0 (E9)
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when boundary terms vanish. This Ward identity [3, 14]
preserves the gauge independence of the complete source.
It does not bound its material cross susceptibility or
permit dropping the mixed source coefficient.

Appendix F: Numerical evaluation and
reproducibility

All response evaluations use the force defined by
Eq. (17). The damped test calculation solves the scaled
causal initial-value equations

Gj + 2vd; + QPq; = f;/M,
q;(0) = ¢;(0) =0, v =¢Q,

and integrates f;g;. Scaling the equations prevents mi-
croscopic forces from being compared with unit absolute
tolerances.

A separate exact-segment method checks that numeri-
cal solution. If f(t) = 3, f;t, a polynomial particular

(F1)

solution p(t) = 3_; p;t? for unit mass satisfies the back-
ward recurrence

=290+ Dpi — G+ 2) + Dpjise
p; = 02 ’

(F2)

with coeflicients beyond the force degree zero. Coefficient
comparison proves the recurrence. The homogeneous
solution is e (a coswqt + bsinwgt), with w? = 0% — ~2
and coefficients fixed by continuity of ¢,q. The action
uses polynomial integrals and

ezL -1 LnezL n
EO - ) En - - —Lin-1, (FS)
z z
where z = —v 4 iwg and L is the segment duration.

These formulas follow by integration by parts for E,, =

fOL t"e*t dt. Outward interval evaluation at 70 decimal
places supplies the null bounds in Appendix B; those
bounds enclose rounding in the nominal model, not mount-
ing uncertainty.

For undamped clamped-link modes, the particular so-
lution is the finite sum

5~ D00

= (F4

p(t) =
k>0

Differentiation makes its terms telescope to p” +w?p = f.
Continuous homogeneous sine and cosine terms propagate
between polynomial segments, without resolving every fast
mode by a time mesh. The Fourier amplitudes in Eq. (D6)
are evaluated by Eq. (F3) with z = iw; arbitrary precision
controls cancellation among the polynomial terms.

The clamped-link covariance at an assumed thermal
temperature follows Eq. (D6) with sine-mode port co-
efficients. The first N = 300 modes at 293 K give



trV = 0.00126983 for the 1 ms short pulse. Its omit-
ted trace is at most
e _ 2R [CON+1) 2506, N +1)
S=N7 "Mh W} has§ ’
(F5)
where the Hurwitz zeta function sums the tail and M =
pAfl. The proof is exactly the termwise estimate for
Eq. (D7); this bound is below 8 x 10713 for the stated
parameters. To see its effect on the witness, put S = tr V.
Positivity gives 2|Vap| < S, so Eq. (A8) implies

e 45 1 n | sin(A/2)]
8 2 '

—tr(Wp) < (F6)
Here A includes the specified coherent phases. Indeed,
vy +v_ =2e" 29 cosh(4Vap) < 1+e 4% and va+vp < 2.
At the calculated covariance this upper bound is negative
for either the mechanical or gravitational reference, and
for their sum. The particular room-temperature compari-
son therefore does not certify a visible entanglement signal.
The response-only certificate remains valid independently
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of that covariance.

The main short-pulse phase interval does not rely on
the mode truncation. Equations (C10) and (31), with
the exact polynomial constants, give it directly. The test-
pair phase magnitude for the short geometry is enclosed
analytically between 2Gm?d%Heg/(hR?) and that value
divided by 1—d2/R?. These enclosures prove the outward-
rounded ratio interval in the main text. Other tabulated
phases are converged quadrature or ordinary differential
equation evaluations of the explicitly specified source
models.

The accompanying code evaluates these quantities and
checks the polynomial identities symbolically. It also com-
pares the Gaussian channel with oscillator displacement
operators, tests the spectator-system bound and physical
interpolation, compares the null actions with direct time-
domain integration, and checks the static Green function
and passive inequalities. These finite tests supplement
the analytic proofs. Native pgfplots reads the generated
numerical data; the port drawing and interpolation dia-
gram are native IXTEX. The archive includes execution
logs and commands to regenerate the paper.
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